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MAXIMUM AND MINIMUM OPERATORS OF CONVEX
INTEGRANDS
HUHE HAN
Abstract. For given convex integrands γ
i
: Sn → R+ (where i = 1, 2), the
functions γmax and γmin can be defined as natural way. In this paper, we
show that the Wulff shape of γmax (resp. the Wulff shape of γmin ) is exactly
the convex hull of (Wγ
1
∪Wγ
2
) (resp. Wγ
1
∩Wγ
2
).
1. Introduction
Let n be a positive integer. Given a continuous function γ : Sn → R+, where
Sn ⊂ Rn+1 is the unit sphere and R+ is the set consisting of positive real numbers,
the Wulff shape associated with γ, denoted byWγ , is the following intersection (see
Figure 1),
Wγ =
⋂
θ∈Sn
Γγ,θ.
Here, Γγ,θ is the following half-space:
Γγ,θ = {x ∈ R
n+1 | x · θ ≤ γ(θ)},
where the dot in the center stands for the dot product of two vectors x, θ ∈ Rn+1.
This construction is well-known as Wulff’s construction of an equilibrium crystal
Figure 1. A Wulff shape Wγ .
introduced by G. Wulff in [13] (for details on Wulff shapes, see for instance [2, 7,
10, 11, 12])
For a continuous function γ : Sn → R+, set
graph(γ) = {(θ, γ(θ)) ∈ Rn+1 − {0} | θ ∈ Sn},
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where (θ, γ(θ)) is the polar plot expression for a point of Rn+1−{0}. The mapping
inv : Rn+1 − {0} → Rn+1 − {0}, defined as follows, is called the inversion with
respect to the origin of Rn+1.
inv(θ, r) =
(
−θ,
1
r
)
.
Let Γγ be the boundary of the convex hull of inv(graph(γ)). If the equality Γγ =
inv(graph(γ)) is satisfied, then γ is called a convex integrand (see Figure 2). The
Figure 2. A convex integrand and its inversion.
notion of convex integrand was first introduced by J. Taylor in [11] and it plays a
key role for studying Wulff shapes (for details on convex integrands, see for instance
[1, 4, 7]). For given convex integrands γ1, γ2, define γmax and γmin as natural way.
γ
max
: Sn → R+, γmax(θ) = max{γ1(θ), γ2(θ)}.
γ
min
: Sn → R+, γmin(θ) = min{γ1(θ), γ2(θ)}.
Then the question naturally arises “What is the relationship between Wγ
1
,Wγ
2
and Wγmax (or Wγmin )? How are they related ?”. The main result of this paper is
as follows (see Figure 3).
Theorem 1. Let γ
1
and γ
2
be convex integrands. Then the following two equalities
are holds.
(1) Wγmax = convex hull of the (Wγ1 ∪Wγ2 ).
(2) Wγ
min
=Wγ
1
∩Wγ
2
.
This paper organized as follows. In section 2, the preliminaries are given, and
the proof of Theorem 1 and related topics are given in section 3 and section 4
respectively.
2. Preliminaries
2.1. Spherical convex body. For any point P˜ ∈ Sn+1, let H(P˜ ) be the hemi-
sphere centered at P˜ ,
H(P˜ ) = {Q˜ ∈ Sn+1 | P˜ · Q˜ ≥ 0}.
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Figure 3. An illustration of Theorem 1. Left top : a Wulff shape
Wγ
1
, right top : a Wulff shape Wγ
2
, left bottom : the Wulff shape
Wγmax , right bottom : the Wulff shape Wγmin .
where the dot in the center stands for the scalar product of two vectors P˜ , Q˜ ∈ Rn+2.
For any non-empty subset W˜ ⊂ Sn+1, the spherical polar set of W˜ , denoted by W˜ ◦,
is defined as follows:
W˜ ◦ =
⋂
P˜∈W˜
H(P˜ ).
Definition 1 ([9]). Let W˜ be a subset of Sn+1. Suppose that there exists a point
P˜ ∈ Sn+1 such that W˜ ∩H(P˜ ) = ∅. Then, W˜ is said to be hemispherical.
Let P˜ , Q˜ be two points of Sn+1 such that (1 − t)P˜ + tQ˜ is not the zero vector
for any t ∈ [0, 1]. Then, the following arc is denoted by P˜ Q˜:
P˜ Q˜ =
{
(1− t)P˜ + tQ˜
||(1− t)P˜ + tQ˜||
∈ Sn+1
∣∣∣∣∣ 0 ≤ t ≤ 1
}
.
Definition 2 ([9]). Let W˜ ⊂ Sn+1 be a hemispherical subset.
(1) Suppose that P˜ Q˜ ⊂ W˜ for any P˜ , Q˜ ∈ W˜ . Then, W˜ is said to be spherical
convex.
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(2) Suppose that W˜ is closed, spherical convex and has an interior point. Then,
W˜ is said to be a spherical convex body.
Definition 3 ([9]). Let W˜ be a hemispherical subset of Sn+1. Then, the following
set, denoted by s-conv(W˜ ), is called the spherical convex hull of W˜ .
s-conv(W˜ ) =
{ ∑k
i=1 tiP˜i
||
∑k
i=1 tiP˜i||
∣∣∣∣∣ P˜i ∈ W˜ ,
k∑
i=1
ti = 1, ti ≥ 0, k ∈ N
}
.
Lemma 2.1 ([9]). For any hemispherical subset W˜ of Sn+1, the spherical convex
hull of W˜ is the smallest spherical convex set containing W˜ .
Lemma 2.2 ([9]). Let W˜1, W˜2 ⊂ Sn+1. If W˜1 is a subset of W˜2, then W˜ ◦2 is a
subset of W˜ ◦1 .
Lemma 2.3 ([9]). For any subset W˜ of Sn+1, the inclusion W˜ ⊂ W˜ ◦◦ holds.
Especially, we have the following proposition.
Proposition 1 ([9]). For any non-empty closed hemispherical subset W˜ ⊂ Sn+1,
the equality s-conv(W˜ ) = (s-conv(W˜ ))◦◦ holds.
Lemma 2.4 (Maehara’s lemma ([6, 9])). For any hemispherical finite subset W˜ =
{P˜1, . . . , P˜k} ⊂ Sn+1, the following holds:{ ∑k
i=1 tiP˜i
||
∑k
i=1 tiP˜i||
∣∣∣∣∣ P˜i ∈ X,
k∑
i=1
ti = 1, ti ≥ 0
}◦
= H(P˜1) ∩ · · · ∩H(P˜k).
Maeara’s lemma was first given in [6], which is a useful method to study spherical
Wulff shapes. For English details, see for instance [9].
2.2. An equivalent definition. In [9], an equivalent definition of Wulff shape was
given, which composed by following mappings.
1. Mapping Id : Rn+1 → Rn+1 × {1}
The mapping Id defined by Id(x) = (x, 1).
2. Central projection αN : S
n+1
N,+ → R
n+1 × {1}
Denote the point (0, . . . , 0, 1) ∈ Rn+2 by N . The set Sn+1 −H(−N) is denoted
by Sn+1N,+ . Let αN : S
n+1
N,+ → R
n+1 × {1} be the central projection relative to N ,
namely, αN is defined as follows for any (P1, . . . , Pn+1, Pn+2) ∈ S
n+1
N,+ :
αN (P1, . . . , Pn+1, Pn+2) =
(
P1
Pn+2
, . . . ,
Pn+1
Pn+2
, 1
)
.
Through out remainder of this paper, let X˜ = α−1 ◦ Id(X) for any non-empty
subset X of Rn+1. For any Wulfff shape W ⊂ Rn+1, the spherical convex body
W˜ = α−1 ◦ Id(W) called spherical Wulff shape of W . Then the following two are
equivalent.
(1) W˜ is a spherical Wulff shape.
(2) W˜ is a spherical convex body such that W˜ ∩ H(−N) = ∅ and N is an
interior point of W˜ .
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3. Spherical blow-up ΨN : S
n+1 − {±N} → Sn+1N,+
Next, we consider the mapping ΨN : S
n+1 − {±N} → Sn+1N,+ defined by
ΨN(P˜ ) =
1√
1− (N · P )2
(N − (N · P˜ )P˜ ).
The mapping ΨN was first introduced in [8], has the following intriguing properties:
(1) For any P˜ ∈ Sn+1 − {±N}, the equality P˜ ·ΨN(P˜ ) = 0 holds,
(2) for any P˜ ∈ Sn+1 − {±N}, the property ΨN (P˜ ) ∈ RN + RP˜ holds,
(3) for any P˜ ∈ Sn+1 − {±N}, the property N ·ΨN (P˜ ) > 0 holds,
(4) the restriction ΨN |Sn+1
N,+
−{N} : S
n+1
N,+ − {N} → S
n+1
N,+ − {N} is a C
∞ diffeo-
morphism.
4. Spherical polar transform © : H◦(Sn+1)→ H◦(Sn+1)
Let H(Sn+1) be the set consisting of non-empty compact set of Sn+1. It is clear
that the spherical polar set of Sn+1 is the empty set. Let H◦(Sn+1) be the subspace
of H(Sn+1) defined as follows.
H◦(Sn+1) = {W˜ ∈ H(Sn+1) | W˜ ◦ 6= ∅}.
The spherical polar transform © : H◦(Sn+1) → H◦(Sn+1), defined by ©(W˜ ) =
W˜ ◦. Since W˜ ⊂ W˜ ◦◦ for any W˜ ∈ H◦(Sn+1), by Lemma 2.3, we know that W˜ ◦ ∈
H◦(Sn+1) for any W˜ ∈ H◦(Sn+1). Thus, the spherical polar transform is well-
defined. It is known that the spherical polar transform is Lipchitz with respect
to the Pompeiu-Hausdorff distance([3]). Moreover, the restriction of the spherical
polar transform to the set consisting of spherical Wulff shape relative to P˜ (see
Definition 5) is an isometry with respect to the Pompeiu-Hausdorff distance ([3]).
Proposition 2 ([9]). Let γ : Sn → R+ be a continuous function. Then, Wγ is
characterized as follows:
Wγ = Id
−1 ◦ αN
((
ΨN ◦ α
−1
N ◦ Id (graph(γ))
)◦)
.
Proposition 3 ([9]). For any Wulff shape Wγ, the following set, too, is a Wulff
shape:
Id−1 ◦ αN
((
α−1N ◦ Id (Wγ)
)◦)
.
Definition 4 ([9]). For any Wulff shape Wγ , the Wulff shape given in Proposition
3 is called the dual Wulff shape of Wγ , denoted by DWγ .
By Proposition 3, the following definition is reasonable.
Definition 5 ([9]). Let P˜ be a point of Sn+1.
(1) A spherical convex body W˜ such that W˜ ∩ H(−P˜ ) = ∅ and P˜ ∈ int(W˜ )
are satisfied is called a spherical Wulff shape relative to P˜ .
(2) Let W˜ be a spherical Wulff shape relative to P˜ . Then, the set W˜◦ is called
the spherical dual Wulff shape of the spherical Wulff shape W˜ relative to
P˜ , denoted by DW˜ .
Proposition 4 ([9]). Let γ : Sn → R+ be a convex integrand. Let DWγ be the dual
Wulff shape of Wγ . Then the boundary of the DWγ is exactly Γγ = inv(graph(γ)).
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The Proposition 2, gives a new powerful spherical method to study Wulff shape.
For example, the self-dual Wulff shape Wγ = DWγ can be characterized by the
induced spherical convex body of constant width pi/2([5]), for related topics about
spherical method see also [3, 4], for instance.
3. Proof of Theorem 1
Proof of assertion (1). By Proposition 2, Proposition 4 and Maehara’s lemma,
for Wulff shape of γ
max
the following is hold.
Wγmax = Id
−1 ◦ αN
((
ΨN ◦ α
−1
N ◦ Id(graph(γmax))
)◦)
= Id−1 ◦ αN
(
(∂(DW˜γ
1
∩DW˜γ
2
))◦
)
= Id−1 ◦ αN
(
(DW˜γ
1
∩ DW˜γ
2
)◦
)
(∗)
where ∂(DW˜γ
1
∩ DW˜γ
2
) is the boundary of (DW˜γ
1
∩ DW˜γ
2
). Thus it is sufficient
to prove the following.
(DW˜γ
1
∩ DW˜γ
2
)◦ = s-conv(W˜γ
1
∪ W˜γ
2
).
First, we show that (DW˜γ
1
∩ DW˜γ
2
)◦ is a subset of s-conv(W˜γ
1
∪ W˜γ
2
). By
Maehara’s lemma, the following equality hold.
(W˜γ
1
∪ W˜γ
2
)◦ =
(
s-conv(W˜γ
1
∪ W˜γ
2
)
)◦
.
By Lemma 2.2, it is sufficient to prove that (W˜γ
1
∪ W˜γ
2
)◦ is a subset of (DW˜γ
1
∩
DW˜γ
2
). Let P˜ be a point of (W˜γ
1
∪ W˜γ
2
)◦. Then it follows that,
W˜γ
1
⊂ H(P˜ ) and W˜γ
2
⊂ H(P˜ ).
Thus P˜ is a point of W˜◦γ
1
∩ W˜◦γ
2
= DW˜γ
1
∩ DW˜γ
2
.
Next, we show that s-conv(W˜γ
1
∪ W˜γ
2
) is a subset of (DW˜γ
1
∩ DW˜γ
2
)◦. Since
DW˜γ
1
∩ DW˜γ
2
is a subset of DW˜γ
1
, we have that
(DW˜γ
1
∩ DW˜γ
2
) ⊂ W˜ ◦γ
1
By Lemma 2.2,
W˜γ
1
= W˜ ◦◦γ
1
⊂ (DW˜γ
1
∩ DW˜γ
2
)◦.
In the same way, it follows that
W˜γ
2
⊂ (DW˜γ
1
∩ DW˜γ
2
)◦.
Since s-conv(W˜γ
1
∪ W˜γ
2
) is the smallest convex body containing W˜γ
1
∪ W˜γ
2
and
(DW˜γ
1
∩ DW˜γ
2
)◦ is a convex body, it follows that
s-conv(W˜γ
1
∪ W˜γ
2
) ⊂ (DW˜γ
1
∩ DW˜γ
2
)◦.
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Proof of assertion (2). By Proposition 2, Proposition 4 and Maehara’s lemma, for
Wulff shape of γ
min
the following hold.
Wγ
min
= Id−1 ◦ αN
(
(ΨN ◦ α
−1
N ◦ Id(graph(γmin)))
◦
)
= Id−1 ◦ αN
(
(∂(DW˜γ
1
∪ DW˜γ
2
))◦
)
= Id−1 ◦ αN
(
(DW˜γ
1
∪ DW˜γ
2
)◦
)
.(∗∗)
Thus it is sufficient to prove the following.
(DW˜γ
1
∪DW˜γ
2
)◦ = W˜γ
1
∩ W˜γ
2
.
First, we show that (DW˜γ
1
∪ DW˜γ
2
)◦ is a subset of W˜γ
1
∩ W˜γ
2
. Let P˜ be a
point of (DW˜γ
1
∪DW˜γ
2
)◦. Then DW˜γ
1
is a subset of H(P˜ ). It follows that
P˜ ∈ (DW˜γ
1
)◦ = W˜γ
1
In the same way, we have that P˜ is a point of W˜γ
2
. Thus P˜ is a point of W˜γ
1
∩W˜γ
2
.
Next, we show that W˜γ
1
∩W˜γ
2
is a subset of (DW˜γ
1
∪DW˜γ
2
)◦. Let P˜ be a point
of W˜γ
1
∩ W˜γ
2
. Since W˜γ
1
and W˜γ
2
are spherical convex bodies, by Proposition 1,
it follows that
P˜ ∈ W˜γ
1
=
⋂
Q˜∈DW˜γ
1
H(Q˜) and P˜ ∈ W˜γ
2
=
⋂
Q˜∈DW˜γ
2
H(Q˜).
This implies
DW˜γ
1
⊂ H(P˜ ) and DW˜γ
2
⊂ H(P˜ ).
Then it follows that DW˜γ
1
∪DW˜γ
2
is a subset of H(P˜ ). By definition of spherical
polar set, P˜ is a point of (DW˜γ
1
∪ DW˜γ
2
)◦. 
Remark: Usually, for given convex integrands γ
1
and γ
2
, the inversion of
graph(γ
min
) with respect to the origin of Rn+1 is does not equivalent to Γγ
min
.
Thus the function γ
min
is not convex integrand in general case.On the other hand,
the inversion of graph(γ
max
) with respect to the origin of Rn+1 is exactly Γγmax ,
this implies γ
max
is a convex integrand.
4. More topics on maximum and minimum operators
For given convex integrands γ1 and γ2, by (∗) and (∗∗) of proof of Theorem 1,
we have the following relation between DWγ
1
, DWγ
2
and Wγmax , (resp. DWγ1 ,
DWγ
2
and Wγ
min
).
(1) Wγmax = D(DWγ1 ∩ DWγ2 ).
(2) Wγ
min
= D
(
convex hull of (DWγ
1
∪ DWγ
2
)
)
.
Since DWγ
1
∩DWγ
2
is a subset of the convex hull of (DWγ
1
∪DWγ
2
), by Lemma
2.2, it follows that
(
s-conv (DW˜γ
1
∪ DW˜γ
2
)
)◦
is a subset of (DW˜γ
1
∩ DW˜γ
2
)◦.
This implies Wγ
min
is a subset of dual of the Wγmax . Moreover, as a corollary, we
have the following result.
Corollary 1. Let Wγ
1
,Wγ
2
be dual Wulff shapes. Then Wγmax is the dual Wulff
shape of Wγ
min
.
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Proof. Since (W˜γ
1
∪ W˜γ
2
)◦ and
(
s-conv(W˜γ
1
∪ W˜γ
2
)
)◦
are same convex body, by
Theorem 1, it is sufficient to prove that
(W˜γ
1
∪ W˜γ
2
)◦ = W˜γ
1
∩ W˜γ
2
.
Let P˜ be a point of (W˜γ
1
∪ W˜γ
2
)◦. Then W˜γ
1
∪ W˜γ
2
is a subset of H(P˜ ). It follows
that P˜ is a point of W˜ ◦γ
1
∩ W˜ ◦γ
2
. Since W˜γ
1
is the dual of W˜γ
2
, we have that
P˜ ∈ W˜ ◦γ
1
∩ W˜ ◦γ
2
= W˜γ
2
∩ W˜γ
1
.
On the other hand, since Wulff shapes Wγ
1
,Wγ
2
are duals, we have that W˜γ
1
∪
W˜γ
2
is a subset of H(P˜ ), for any point P˜ of W˜γ
1
∩ W˜γ
2
. This implies P˜ is a point
of (W˜γ
1
∪ W˜γ
2
)◦. 
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